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1 Introduction 


The general framework of perturbation theory consists in the construction of the chronological 
products such that Bogoliubov axioms are verified m, 0 , 0 ; for every set of Wick monomials 
W\{xi ),..., W n (x n ) acting in some Fock space H one associates the operator-valued distribu¬ 
tions T Wl, "' ,Wn (x i,... , x n ) called chronological products; it will be convenient to use another 
notation: T(W\(xi), ..., W n {x n )). The construction of the chronological products can be done 
recursively according to Epstein-Glaser prescription [5j, |6] (which reduces the induction proce¬ 
dure to a distribution splitting of some distributions with causal support) or according to Stora 
prescription [9j (which reduces the renormalization procedure to the process of extension of 
distributions). These products are not uniquely defined but there are some natural limitation 
on the arbitrariness. If the arbitrariness does not grow with n we have a renormalizable theory. 
An equivalent point of view uses retarded products [12]. 

Gauge theories describe particles of higher spin. Usually such theories are not renormal¬ 
izable. However, one can save renormalizablility using ghost fields. Such theories are defined 
in a Fock space H with indefinite metric, generated by physical and un-physical fields (called 
ghost fields). One selects the physical states assuming the existence of an operator Q called 
gauge charge which verifies Q 2 = 0 and such that the physical Hilbert space is by definition 
"Hphys = Ker(Q)/Im(Q). The space H is endowed with a grading (usually called ghost number ) 
and by construction the gauge charge is raising the ghost number of a state. Moreover, the 
space of Wick monomials in H is also endowed with a grading which follows by assigning a 
ghost number to every one of the free fields generating H. The graded commutator g?q of the 
gauge charge with any operator A of fixed ghost number 

d Q A=[Q,A\ (1.1) 

is raising the ghost number by a unit. It means that g?q is a co-chain operator in the space of 
Wick polynomials. From now on [-, •] denotes the graded commutator. 

A gauge theory assumes also that there exists a Wick polynomial of null ghost number T(x) 
called the interaction Lagrangian such that 

[< Q 1 T\ = zd,T (1.2) 

for some other Wick polynomials TG This relation means that the expression T leaves invariant 
the physical states, at least in the adiabatic limit. Indeed, if this is true we have: 

T(f) "Hphys C H phys (1.3) 

up to terms which can be made as small as desired (making the test function / flatter and 
flatter). In all known models one finds out that there exists a chain of Wick polynomials 
T M , T pu , ... such that: 

[Q,T\=id li T tl , [Q, T p ] = id u T pu , [Q, T pu ] = id p T pvp , ... (1.4) 

It so happens that for all these models the expressions TT pup ,... are completely antisym¬ 
metric in all indexes; it follows that the chain of relation stops at the step 4 (if we work in 
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four dimensions). We can also use a compact notation T 1 where I is a collection of induces 
/ = ,..., Up] (p = 0,1,...,) and the brackets emphasize the complete antisymmetry in these 

induces. All these polynomials have the same canonical dimension 

uiT 1 ) = u 0l VI (1.5) 

and because the ghost number of T = T® is supposed null, then we also have: 

ghiT 1 ) = |/|. (1.6) 

One can write compactly the relations 01. 4p as follows: 

d Q T J = i d„T T V (1.7) 

For concrete models the equations 01.41) can stop earlier: for instance in the Yang-Mills case 
we have T pup = 0 and in the case of gravity T piypfT = 0. 

Now we can construct the chronological products 

T h ’’ In (x h ...,x n ) = T(T Jl (x i),..., T In (x n )) (1.8) 

according to the recursive procedure. We say that the theory is gauge invariant in all orders of 
the perturbation theory if the following set of identities generalizing 01.71) : 

U Q 

d Q T h .= i (1.9) 

1=1 1 

are true for all n £ N and all I±,... ,I n . Here we have defined 


i -i 

3 = 1 

In particular, the case I\ — ... — I n — 0 it is sufficient for the gauge invariance of the scattering 
matrix, at least in the adiabatic limit: we have the same argument as for relation 01.3]) . 

Such identities can be usually broken by anomalies i.e. expressions of the type A Il, '" ,In which 
are quasi-local and might appear in the right-hand side of the relation 01.91) . In a previous 
paper we have emphasized the cohomological structure of this problem [8j. We consider a 
cochain to be an ensemble of distribution-valued operators of the form C Ilr ' ,In {x i, ..., x n ), n = 
1, 2, ■ • • (usually we impose some supplementary symmetry properties) and define the derivative 
operator 5 according to 


We can prove that 


(SC) 11 '-’ 1 ” 


Ei- 1 )" 

i=i 


_^_ r h,...,llix,...,l 7 

dxf 


5 2 = 0 . 


( 1 . 11 ) 


( 1 . 12 ) 
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Next we define 

s = cIq — i5, s = cI.q + iS 

(1.13) 

and note that 

ss = ss = 0. 

(1.14) 

We call relative cocycles the expressions C verifying 

sG = 0 

(1.15) 

and a relative coboundary an expression C of the form 

C = sB. 

(1.16) 

The relation (1 1.9 [) is simply the cocycle condition 

sT = 0. 

(1.17) 


Gauge theories have been intensively studied in another formalism based on functional in¬ 
tegrations and Green functions. There is no proof of the equivalence between the functional 
formalism and the causal formalism which we use here. A supplementary problem in the func¬ 
tional formalism is that the Green functions are affected by infra-red divergences; an adiabatic 
limit must be performed and, as it can be seen from the paper of Epstein and Glaser, this limit 
is not easy to perform. 

So, for the moment, it is safer to consider the causal formalism is not equivalent to the func¬ 
tional formalism and study gauge theories in an independent way. In particular, the problem 
of anomalies produced by loop contributions is very interesting. In the functional formalism it 
is asserted that such anomalies do exist and the basic example is the famous axial anomaly. 
We will prove in this paper that in the causal formalism the loop contributions, up to the 
third order of the perturbation theory, do not produce anomalies! The basic idea is to isolate 
some typical numerical distributions with causal support appearing in the loop contributions 
in the second and the third order of the perturbation theory; then we prove that some identi¬ 
ties verified by these distributions can be causally split without anomalies. This idea is in the 
spirit of the master Ward identity considered in the literature a. a. but the actual proof of 
our identities seems to be considerably different. In the next Section we will give a minimal 
account of the gauge theories in the causal approach. Then in Section [3] and [I] we prove that 
the loop contributions do not produce anomalies in the second and respectively the third order 
of the perturbation theory. Finally, in Section [5] we prove that the annulment of the axial 
anomaly follows from the condition that the chronological products should be coboundaries up 
to super-renormalizable terms. 
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2 General Gauge Theories 

We give here the essential ingredients of perturbation theory. Suppose that the Wick mono¬ 
mials W ],..., W n are self-adjoint: Wj = Wj, Vj = 1 The chronological products 

T(Wi(xi), ..., W n (x n )) n — 1, 2,... are verifying the following set of axioms: 

• Skew-symmetry in all arguments W\{x \),..., W n (x n ) : 

T (..., W t ( Xi ), W i+1 (x i+1 ), ...,) = (-l) /i/<+1 T(..., W. l+1 (x t+1 ), W^Xi ),...) (2.1) 

where f % is the number of Fermi fields appearing in the Wick monomial Wj. 

• Poincare invariance: we have a natural action of the Poincare group in the space of Wick 
monomials and we impose that for all (a, A) G inSL( 2, C) we have: 

U a , A T{W 1 On),..., W n {x n ))U~X — T(A ■ Wi(A ■ xi + a),..., A ■ W n (A • x n + a)); (2.2) 

Sometimes it is possible to supplement this axiom by other invariance properties: space 
and/or time inversion, charge conjugation invariance, global symmetry invariance with 
respect to some internal symmetry group, supersymmetry, etc. 

• Causality: if x^ > Xj, \/i < k, j > k + 1 then we have: 

TWOm),..., W n (x n )) = T(Wi(xi ),..., W k {x k )) T(W k+1 (x k+1 ),..., W n (x n ))-, (2.3) 


• Unitarity: We define the anti-chronological products according to 

n 

(-l)”f(H' 1 (ii),....H / „(i„)) = ^(-ir Y, £ r,,(I,)-T,.(X r ) (2.4) 

r= 1 Ii,...,I r £Part({l,...,n}) 


where the we have used the notation: 

T{ il ,...,i k }(x i i,...,x ik ) = T(Wi 1 (xi 1 ),..., Wi k (xi k )) (2.5) 

and the sign e counts the permutations of the Fermi factors. Then the unitarity axiom is: 

..., W n (x n )) = T(W\(xi ),..., W n (x n )y. (2.6) 


• The “initial condition” 

T(W{x)) = W{x). (2.7) 

It can be proved that this system of axioms can be supplemented with 

T(Wi(xi ),..., W n (x n )) 

= <V, T(W [( Xl ),..., W' n {x n ))kl > : W'KxJ ,..., W''{x n ) : (2.8) 
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where W[ and W” are Wick sub monomials of W t such that W t =: W'W" : and appropriate 
signs should be included if Fermi fields are present; here is the vacuum state. This is called 
the Wick expansion property. 

We can also include in the induction hypothesis a limitation on the order of singularity 
of the vacuum averages of the chronological products associated to arbitrary Wick monomials 
W l7 ...,W n ; explicitly: 


u(< n,T Wl ’-’ Wn (X)Q >) < J2u(W t ) -4(n- 1) (2.9) 

1=1 

where by c o(d) we mean the order of singularity of the (numerical) distribution d and by u(W) 
we mean the canonical dimension of the Wick monomial W; in particular this means that we 
have 

T(W 1 (x 1 ),... ,W n (x n )) = y^ y t g (x i,... ,x n ) W g (xx n ) (2.10) 

9 

where W g are Wick polynomials of fixed canonical dimension and t g are distributions in n — 1 
variables (because of translation invariance) with the order of singularity bounded by the power 
counting theorem [5j: 

n 

W(i») +w(wy < - 4 (™- 1) (2.11) 

3 =1 

and the sum over g is essentially a sum over Feynman graphs. The contributions verifying the 
strict inequality above i.e. with the strict inequality < sign, will be called super-renormalizable 

as in [8]. 

Up to now, we have defined the chronological products only for self-adjoint Wick monomials 
W i,..., W n but we can extend the definition for arbitrary Wick polynomials by linearity. 

One can modify the chronological products without destroying the basic property of causal¬ 
ity iff one can make 

tg-H g + P g {d)5(x i - x n ) ■ ■ -<5(x n _i - x n ) (2.12) 

with P g a monomials in the partial derivatives. If we want to preserve (12. lip we impose the 
restriction 

n 

deg(P g ) + uj(Wg) < ^>(^0-4(71- 1) (2.13) 

3 = 1 

and some other restrictions are following from Lorentz covariance and unitarity. 

From now on we consider that we work in the four-dimensional Minkowski space and we 
have the Wick polynomials T 1 such that the descent equations (11.71) are true and we also have 

T\ Xl ) T j (x 2 ) = (-lfH J l T\x 2 ) T 1 (x \), (2.14) 

i.e. for X\ — x 2 space-like these expressions causally commute in the graded sense. The chrono¬ 
logical products T Il, - ,In (xi ,..., x n ) are constructed according to the prescription (II.8(1 from 
the Introduction and they form a cohomological object. 
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3 Second Order Causal Distributions 

In second and third order we have some typical distributions. We remind the fact that the 
Pauli-Villars distribution is defined by 

D m (x) = DM(x) + D£\x) (3.1) 

where 

Dm\x) ~ J dpe ipx 9(±p 0 )S(p 2 — m 2 ) (3.2) 

such that 

D(~\x) = -D (+ \-x). (3.3) 

This distribution has causal support. In fact, it can be causally split (uniquely) into an 
advanced and a retarded part: 

D = D adv - D iet (3.4) 

and then we can define the Feynman propagator and antipropagator 

D F = D iet + D {+ \ D F = D {+) - D adv . (3.5) 

All these distributions have singularity order ui(D) = —2. 

For one-loop contributions in the second order we need the basic distributions 

d%\, D ,(x) = I[B| +) (i) D ( 2 + \x) - D[ + \-x) D« +) (i)] (3.6) 

where Dj = D m which also with causal support. This expression is linear in Di and D 2 . We 
will also use the notation 

du = d^ lD2 (3-7) 

and when no confusion about the distributions Dj = D mj can appear, we skip all indexes 


altogether. The causal split 


d 12 = - d\f 

(3.8) 

is not unique because oj(d\ 2 ) 

= 0 so 

we make the redefinitions 



d°S ,{ret \x)^dt (ret \x) + c5{x) 

(3.9) 


without affecting the support properties and the order of singularity. The corresponding Feyn¬ 
man propagators can be defined as above. 

We have associated distributions 


Didn 1 ,D 2 = ddixD 1 ,D 2 , 'E > 2dD 1 ,D 2 = c(di,<9m_d 2 , (3.10) 

etc. The operators T>j are not true derivatives: they commute but they do not satisfy Leibniz 
rule. We note that 

-J^-d = V?d + VU (3.11) 

dx^ 

and we ask if we can make the distribution splitting in such a way that we preserve this identity. 
Indeed we have an elementary result: 
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Theorem 3.1 

preserved i.e. 


so 


The causal splitting can be done in such a way that the previous identity is 
d 


dx. 


d adv(ret) pj-yHj\adv(ret) _|_ (pVj\adv(ret) 


_d_ 

dx,. 


d F = (v^d) F + {v^d) 1 


(3.12) 

(3.13) 


Proof: The usual argument of the causal splitting gives us 

_Y_ dadv(ret) = ^ d y dv{ret) + ( V „ d y dv{ ret) + ( 3 . 14 ) 

ox n 

where P^ are polynomials in the partial derivatives of maximal degree deg(P 3L ) < 1. Now we 
make the redefinitions 

(1 rd) adv ^ ret) -> (V F d) adv{ - re d + Q^(d)S (3.15) 

with Qj polynomials in the partial derivatives of maximal degree deg(Qj) < 1 without affecting 
the order of singularity of the distributions and the support properties. In this way we produce 
a redefinition of the polynomials P M 


pr^ P v + qv + qp 


(3.16) 


so if we take convenient polynomials Q F we can make P M = 0. 


Now we go further and observe that we have 

_d 

dx 


v'Y-i = v;vyi + view'd 


(3.17) 


and we also can split causally this relation. The proof is less elementary. 


Theorem 3.2 The causal splitting can be done in such a way that the previous identity is 
preserved i.e. 

r d )adv(ret) = {pVpv d ydv(ret) + d ydv(ret) ( 3 . 18 ) 


d_ 

dx. 


d 


dx / 3 


(V"d) F = (V^V v .d) F + ( V^VU) 1 


(3.19) 


Proof: As above, the causal splitting gives 

-^-{V u j d) adv{ret) = (V F V"d) adv{ret) + (V$V 1 ld) adv{ - ret) + Pf'{d)8 (3.20) 

Ox n 

with P- w polynomials in the partial derivatives of maximal degree deg(P FV ) < 2 and Lorentz 
covariant. We make the redefinition 

[V^V v k d) adv{ret) {V^V u k d) adv{ret) + Q%(d)6 (3.21) 
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with Q p k polynomials in the partial derivatives of degree deg(Q p k ) < 2 and Lorentz covariant; 
we do not affect the order of singularity and the support properties. It is clear that we must 
have the symmetry property: 

QTk=Qlr (3-22) 

This redefinitions induces a redefinition of the “anomaly” P namely: 


Pf p r + Qi.'j + Q%- (3.23) 

In this case we need the generic forms 

Pf'(d) = aj d p d v + bj-n^U + cjT]^ (3.24) 

and 

Qjk(d) = A jk &dr + B^u + C jk rT (3.25) 

where the symmetry property imposes 

Aj k A kj , Bj k B k j, Cj k p kj • (3.26) 

The redefinition above is then 

dj —y a,j + A\j + A2j bj —> bj + B\j + B2j Cj —> Cj + C\j + CVy (3.27) 


and it is easy to see that if we take convenient matrices A, B,C we can make the null vectors 
a, b, c i.e. we eliminate the “anomaly” P. ■ 

Finally we have the identity 

JLvp p k d = Vpp p d + V!pp p d (3.28) 

and we also can split causally this relation. 


Theorem 3.3 The causal splitting can be done in such a way that the previous identity is 
preserved i.e. 


d 

dx M 


pp p k d) adv{ret) 


ppp p d) adv{ret) + ppp p d) adv{ret] 


so we also have 


dx. 


-pp p k d) F = {Vpp p k d) F + (Vpp p dY 


(3.29) 


(3.30) 


Proof: As above we have after causal splitting 


d 

dx^ 


[Vp p k d) adv{ret) 


[Vpp p k d) adv{ret) + ppp p k d) adv{ret) + Pp{d)5 
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(3.31) 



where P p k p polynomials in the partial derivatives of maximal degree deg(P p k p ) < 3, Lorentz 
covariant and with the symmetry property 


pl<vp _ pppiy 
r jk r kj ' 


(3.32) 


We make the redefinition 

(V p V v k V p d) adv{ - ret) -> (V p V u k V p d) adv{ret) + Q p k p (d)S (3.33) 

with Qj k p polynomials in the partial derivatives of degree deg(Q p k p ) < 3, Lorentz covariant 
and with the symmetry property: 


QTki = Qkjt = Q7- (3-34) 

We do not affect the order of singularity and the support properties. This redefinitions induces 
a redefinition of the “anomaly” P namely: 

P% f ->P£ f + Q%l + Q%£- (3.35) 

However in this case the redefinition seems not to work i.e. we cannot put to zero the 
anomaly. Indeed if we write the generic form 


P p k p (d) = a jk & i &'d p + b jk r] pu d p n+b kj r)^ p d u D+c jk r] up d p U + d jk )f u d p + d kj g pp d v Pe jk g vp d p 

(3.36) 

with the matrices a, c, e symmetric, and a similar form for Q p k p then by the process of redefi¬ 
nition, we can make null all the expressions except cu, C 22 , en, e 22 - 
The key is to consider the expression 


d 2 

dx^dxv 


( v p d) adv{ret) 


(3.37) 


which is obvious symmetric in /j, u and express it using the preceding proposition and formula 

Q23U): 


d 2 

dx kL dx v 


( v p k d) ad<ret) 


= (' V p V"V p d) adv{ret) + ( V p V u 1 V p k d) adv{ret) 


+ Pr(9)S 


+(V p V u 2 V p k d) adv{ret) + (V p V u 2 V p k d) adv{ret) 


+ P 2 T(d)5 


(3.38) 


In this way we obtain the restriction 


Pfr + PS* = V (3.39) 

If we impose this symmetry property we find out that in fact Cn = c 2 2 = e n = e 22 = 0 so we 
have succeeded to make P p k p = 0 and this finishes the proof. ■ 

Now we can use the preceding results to prove: 
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Theorem 3.4 In the Yang-Mills case the one-loop contributions cannot produce anomalies in 
the second order perturbation theory. 

Proof: The one-loop contribution to the causal commutators D 7 ’ J {x,y) = [.T I (x),T J (y )] are 
sums of contributions of the type 

4SU W{x,y), V»dgl Ba W(x,„), Vpidf l D2 W(x,y) (3.40) 


where W are Wick monomials. These expressions come with various numerical coefficients t 
(which are in fact Lorentz tensors). This follows from the limitations of the Yang-Mills model: 
we have at most a derivative in the interaction Lagrangian, so we have at most two derivatives 
T> on d. The gauge invariance (H77j) gives immediately 




and in particular for the one-loop contribution 
7 nY _ 


dnD ]J = iJ-Djtf + (-1) UI ^ D m“- 


(3.41) 


(3.42) 


If we substitute in this relation the expression of the one-loop contributions as a sum of expres¬ 
sions of the type (13.40(1 with various numerical coefficients, then we will obtain some identities 
between the coefficients t modulo the identities (13.lip . (I3.17p . (I3.28p . These identities are 
worked out in detail in the literature ([10] and refs, cited there). So if we can causally split 
these relations without anomalies we will obtain from the preceding relation 


^QdL(i) 


9 / -jo/i d rjij, 

1 ~ d y »{ i) 


dxv d) 
d 


d 


i—R^ J + (- 1 ) |J| — R 1 ,^ 
8XV d) QyV l 1 ) 


(3.43) 


so finally 




(3.44) 


i.e. gauge invariance for the one-loop contributions. But we just have proved in the preceding 
three theorems that such a causal splitting can be done. ■ 


Remark 3.5 If we consider gravity, then we must extend the list \3.fCfy up to four derivatives 
V and we must investigate accordingly if the causal splitting is possible without anomalies. 


We can reduce the two loop contributions case to the one-loop case if we observe that the 
corresponding distributions can be obtained if in d V2 = d DuD2 we replace D 2 —> d 23 = do 2 ,D 2 - 
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4 Third Order Causal Distributions 

For the triangle one-loop contributions in the third order we need the relevant distributions 
with causal support. First, we take Dj = D mj ,j = 1,2,3 and define 

rf S , D 2 , D 3 (®, y, z ) = D F (x- y) [D ( 2 ] (z - x)D[ +) (: y-z )- D { 2 +) (z - x)D[~ ) (y - z)} 

+D({y - z)[D i f\x -y)D 2 + \z - x) - D 3 +) (x - y)D { 2 \z - x)] 

+D f 2 {z - x)[D[~\y - z)Di + \x - y) - D[ + \y - z)D ( f\x - y)\ (4.1) 

which also with causal support; indeed we have the alternative forms 

d ( Sl, D2 , D ^, </, z) =■ -Df(x - y)\D[-\z - x)D l +\y - z) - D?\z - x)D[~\y - z)\ 
+Df[y - zjpe'fi - j ,)D { *\z -x)- D ( *\x - y)D , f ) (z - x)] 
+Df'(z - x)[D[~\y - z)D ( *\x - y) - D ( *\y - z)D { f \x - y)} (4.2) 

and 

d ( nl, D2 , D3 (x,y,z) = -D? v (x - y)[D { 2 \z - x)D[ + \y - z) - Di + \z - x)D[~\y - z)] 

+ Df(y - z)[Di~\x - y)D { 2 + \z - x) - D^\x - y)D ( ~\z - x)] 

+Df(z - x)[D[-\y - z)d£\x - y) - D[ + \y - z)D { -\x - y)\ (4.3) 

from which it follows that dg D2 Da (x, y, z) is null outside the causal cone {(x,y,z)\x — z G 

V + , y — z G V + } U {(x, y, z)\x — z G V~, y — z G V~}. These distributions have the singularity 
order u;(dg^ D3 ) = - 2 . 

As in the previous Section we use the alternative notation 

dl23 = ^g,D 2 ,D 3 (4-4) 

and when there is no ambiguity about the distributions Dj we simply denote d = d 12 3 . There 
are some associated distributions obtained from d DlD2D3 (x,y,z) applying derivatives on the 
factors Dj = D m .,j = 1,2,3. For instance we denote 

'D) x dD u D2,D 3 = dd a D 1 ,D 2 ,D 3 

'E > adD 1 ,D 2 ,D 3 = d Dl} 0 aD2 ' Ds 

'DadD 1 ,D 2 ,D 3 = dD lt D 2 ,d a D 3 i (4-5) 

and so on for more derivatives d a distributed in an arbitrary way on the factors Dj = D m , j — 
1,2,3. We mention the fact that the operators D 3 a ,j = 1,2,3 are commutative but they are 
not derivation operators: they do not verify Leibniz rule. It will be convenient to denote 

ICj VfV ja , 3 = 1,2,3. (4.6) 

We note the formulas 

dLd={VZ-V%)d, dLi=(pt-V$)d t (4.7) 


11 



As in the preceding Section we investigate if such formulas can be causally split. For the 
preceding formulas this is trivial 

Theorem 4.1 The preceding formulas can be causally split without anomalies i.e. 
f) 

w ^adv(ret ) ppj a dv(ret) pp^adv{ret) 


dx 

J ^adv(ret) _ ( 1 ?^ ppj a dv(ret) _ ^adv(ret) 

dy^ 

^adv(ret) _ ^\adv(ret) _ ^J\adv(ret) 

dz„ 2 1 


(4.8) 


Proof: By causal splitting, we can obtain an anomaly of the type P(d)8(x,y, z) with P a 
polynomial in the partial derivatives and 


5(x, y , z) = 5(x — y) S(y — z ) 5(z — x) 


(4.9) 


and such an anomaly has the order of singularity equal to the degree of the polynomial P. But 
both sides of the formulas (14. 7j) have order of singularity u) = — 1 so the anomaly must be null. 


As in the preceding Section, we go further and consider the identities 

8_ 


dx, 3 3 3 z 3 


4-V"d = - VZV'td 

8 Vfl 3 13 33 

_d_ 

dz„ 


V'fd = VfVfd - VfV'td 


(4.10) 


and prove 

Theorem 4.2 The preceding formulas can be causally split without anomalies i.e. 

8 


dx 

8 

dy^ 

d_ 

dz 


[J) U d) adV< " re d dydv(ret) ^adv(ret) 

(fD V -'d'j a<3,v ( re3 ') £pj a d v (ret) ppj a dv(ret) 


— W d ) 


v i\adv(ret) _ 


_ ^pfTj^iy^adv(ret) _ ^adv(ret) 


These relations remain invariant with respect to the redefinition 

(V'JV' k d)‘‘ dvl - re,) -> (V‘Zr k d)^ r ^ + b t f S. 


(4.11) 


(4.12) 
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Proof: The causal splitting applied to the relations (I4.10p leads to 

-iLiV l j<l)" dr{r,n = (Vp"d) adv{ret) - (V P Xr.d) adv ^ + Clj rf v 5 

OXf, 

JL(p^d) adv{ret) = (V^v u j d) adv{ret) - pp"d) adv(ret) + c 2j rf v S 


dz. 


-p"d) adv(ret) = [Vp V jd) adv{ret) - pp»d) adv{ - ret) + c 3j rT 5 


where Cj k is a constant matrix. Now we consider the expressions 


d 2 


(jadv(ret) 


B 2 f) 2 

u dadv(ret ) _ _ ^adv(ret) 


dxpz v 


(4.13) 


(4.14) 


dxp y u dy^dz v 

and write them in two possible ways using the preceding formulas and the preceding theorem. 
We obtain the consistency relations: 


c 11 — C13 = C23 — C22 
C 22 — c 2 i = c 3 i — c 33 

C 33 - c 32 = C 12 - cn. (4.15) 

From here we can express the diagonal elements of the matrix Cj k in terms of the non-diagonal 
elements: 

C11 = -(C12 + C13 + C23 + C32 - C21 - C31) (4.16) 

and two more by circular permutations. Now we make the redefinitions 

(Vp v k d) adv{ret) -> ( Vp u k d) adv(ret) + b jk rT 5 (4.17) 

with bj k a symmetric matrix without affection the support properties and the order of singu¬ 
larity. As a result we have 

Ci j —> Cij — b 3 j + b 2 j 

c 2 j —>■ c 2 j — b\j + b 3 j 

c 3 j —> c 3 j — b 2 j + b 3 j. (4-18) 

If we take convenient bjk we can make null the non-diagonal elements of the matrix Cjk and 
then if we use the consistency relations we get that the diagonal elements c 0] are null too. ■ 
The next step is considerably more complicated. We start from the identities 

JLvp p k d = vpp p d - vpp p d 
^-vp p d = vpp p d - Vpp p d 

^vp p d = Vpp p d - Vpp p d (4.19) 

and prove 
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Theorem 4.3 The preceding relations can be causally split in such a way that we have 


dx / 3 
d 


(■ v u j V p k d) adv{ret) = (V p Vp p k d) adv{ret) - [V p Vp p k d) ad < ret) + A pup 


—(I rv p d) adv{ret) = (V p V"V p d) adv{ret) - (V p Vp p d) adv{ret) + A pup 


dyp 
d 


(Vp p d) adv{ret) = (V p Vp p d) adv{ret) - [V p V v j V p k d) ad < ret) + A p "£ 


dz / J fc 


where the anomalies have the structure 

2 


A 7u = E a; + a; + v" ap s 

P= l 


(4.20) 


(4.21) 


with the constants a p kl symmetric in k yy I. Moreover, we can take non-null only the constants 


p p p p p p V 

2 111 ~ a 222 ~ a 333 — a 123 — a 213 — a 312 ~ a ■ 


(4.22) 


The preceding relations are invariant to the redefinitions 


(V p V u k V p d) adv ^ ret) -> (V p V u k V p d) adAret) + AV ^f v d p + rf p d; + rf p d p ) S. (4.23) 

p=i 


Proof: The causal 

-m 

L 

-m 


splitting of the relations (14.191) leads to 
a = (cjcjcjd) 0 **’'"’ - (vpi + pppap 


f) 

— (Vp p d) adv{ret) = (V p Vp p d) adv{ret) - (V p Vp p d) adv{r ' 

-^ r {V v j V p k d) adv{ret) = {V p Vp p d) adv ^ ret) - (V?Vp p d) adv{ret) + P£ k p {d)5 (4.2^ 

where are polynomials in the partial derivatives of degree deg(P t p k p ) < 1, Lorentz covariai 
and with the symmetry property 

P,7t = p m- < 4 - 2: 

It is clear that we must consider only the partial derivatives d p and d% because of the identil 

(<9 P + d p + d p ) 5 = 0. (4.2< 

As before, we consider the expressions 

pjl pjl X2 

——(V p d) adAret \ ——(V p d) adAret \ ——(V p k d) ad < re£ > (4.2' 

dx k dy v k dyflzv k dxpz v 
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and write them in two possible ways using the preceding formulas and the preceding theorem. 
We obtain the consistency relations: 


ppvp _ ppup _ pupp _ pupp 
r Uk r 13k ~ r 23k r 22k 


ppup 

r 22k 


pP"P _ pvpp 
r 21k ~ r 31k 


pvpp 

r 33k 


ppup _ ppup _ pupp _ pupp 
r 33k r 32k ~ r 12k r Ilk ' 


(4.28) 


Now we consider the expressions 


d 2 

dx^dx v 


(: V p k d) adv{ret \ 


d 2 

dljpdy,. 


(V p d) adv{ret \ 


d 2 

dz^dz v 


(V p d) adv{ret) 


(4.29) 


compute them using the the preceding formulas and the preceding theorem and use the sym¬ 
metry in n v. We obtain new consistency relations: 

ppup _ p pup ,, 

M3 k 1 1 2 k — P ^ v 

P^~P£k=^v 

P£k p -P£k p = ^v- (4.30) 


We can make the redehnitions 


(■ D p V v k V p d ) adv ( ret > (V p V u k V p d) adv{ret) + Q%?{d) 5 (4.31) 

with Q'j'pi polynomials in the partial derivatives of degree deg(Q p k p ) < 1, Lorentz covariant 
and with the symmetry property 


Qjk p = Ql p ? = Q7- ( 4 - 32 ) 

In this way we do not disturb the order of the singularity and the causal support properties. 
This redefinitions change the anomalies according to 

ppup ppup _ ppvp . n pup 

r ljk r ljk V3 jk ' V2 jk 

ppup ppup _ n pup . n pup 

r 2jk r 2jk Vl jk "r (o C3jk 

P^^P^-Q^ + Q^- (4-33) 


One can use these redehnitions to make null some of the the anomalies: 


ppup _ ppup __ ppup _ ppvp _ ppup _ ppup _ ppvp _ 
r l22 — 1-133 — r 2ll — r 233 ~ r 3\l ~ r 322 ~ r 313 — 


(4.34) 


and we are left with some redefinition freedom 


Q 

Q 

Q 

Q 


pup 

_ 

_ n^p 

211 

~ W31 1 

— Vui 

pup 

_ P)P U P 

_ n pup 

122 

~ V322 

— V222 

pup 

_ n pup 

_ n pup 

133 

~ V233 

~ V333 

pup 

_ nP u P 

_ DP U P 

213 

— Vll3 

— Vui 


(4.35) 
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(4.36) 


which we will use later. Let us consider the generic form 

2 

PS = £w>r s; + <4t f 8; + c&r ap 

p =1 


and use the consistency relations 


pfipi/ _ 

J 123 — 


fi -B- U, 


ppup _ 

- r 123 — 


H -B V 


(4.37) 


which follows from the first relation (14.30P for k — 2, 3 if we take into account (14.341) also. Then 
we obtain that 


V V V 
a l — a 2 — O 3 


(4.38) 


so we have the generic form 


where 

In the same way we obtain 


and 


ps=J2 a " A r 

p= 1 

A pi/p = rf v 8 P + rf p d; + r) up d p . 

2 

ps = J2 lfA s 

p =1 

2 

pP v P _ C P J^pup 

312 / j p 

P =1 


(4.39) 

(4.40) 

(4.41) 


(4.42) 


The remaining consistency relations can be used to determine the rest of the anomalies. We 
obtain 


If = c p 


(4.43) 


and 


ppvp _ ppvp _ ppi<p _ 

-'ll! — -*222 — -'333 — 


+ 1W) Ap> 


2 


ppvp _ 
- r 123 — 


E a "- 4 r 


p= 1 


ppvp _ 
1 213 — 


2 


ps = J2 lfA s- 

p =1 


ps=ps=I' ts - >?) A s 

p =1 

= ps = -l y>” - ^ < 4 - 44 ) 
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Now we still can make a redefinition verifying (j4.35j) to make 


and this gives 


P\V2 = 0 


dP = W. 

We obtain the relations from the statement. ■ 

Now we show that in fact the anomaly from the preceding theorem is null. 

Theorem 4.4 The causal splitting can be done in such a way that 


(4.45) 

(4.46) 


Afu = 0 . ( 4 . 47 ) 

Proof: We consider in the first relation from the statement of the previous theorem j — k — 1 
and contract with rj vp . The result is 

-^-(lC 1 d 123 ) aMret) = (V%1C l d) adv{ret) - (V^1C 1 d) adv{ret) + Vup A^. ( 4 . 48 ) 

OX ^ 

But it easy to prove that 

£ 1 ^ 123(35 V, z) = 2 5(y - z) d 23 (x - y) - m{ d 123 {x, y, z ) 

V%lCid 123 (x, y, z) = 2 S(y — z) V%d 23 (x - y) - m\ V 3 d 123 (x, y, z) 
V%K,id 123 {x,y,z) =-2 6(y - z) V%d 23 (x - y) - m\ V%d 123 (x, y, z) ( 4 . 49 ) 


so the preceding relation becomes 

2 S(y - z) -^d a 2 f {ret \x — y) — m\ ^d^ ret \x,y, z) = 

l 1 A 4 

2 S(y-z) (VSch 3 r d ^“>(x-y)- m\ (BJd m )“'” ( ’' e ' ) (x, y, z) 

+2 S(y-z) (V d d 23 )° d ^ a \x-y) + m\ (Tr 2 d 123 )^ TC, \x,y,z) + A^(x,y,z). (4.50) 


Now we use the preceding theorem and are left with 
d 


5(y - z) 


dx. 


-d a 2 f iret \x -y)- {V»d 23 ) adv{ - ret \x -y)- (V^d 23 ) ad ^ ret \x - y ) 


dvp A^(x,y,z). 


But from theorem 13.11 we have 

d 


dx, 


and so we are left with 


= (Jy<; 2 3)'‘*' ( " ,| + (jy ( f 23 )“ i ' ,( ”i) 


’he (x, y,z) = o. 


(4.51) 


(4.52) 

(4.53) 
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If we insert the explicit form of the anomaly from the preceding theorem then we get a p 

■Ajm = °- 


The next (and final) step is to investigate the causal splitting of the relations 
d 

—V"V p Vfd = V p V'fV p Vfd - Vp'ppfd 


V'fVfDfd = Vp'ppfd - Vpp'pid 


d 

dy,, 
d 

—V'V p Vfd = Vpp p V?d - V p V'p p Vfd, 

The result is 

Theorem 4.5 The causal splitting can be done in such a way that 
d 


dx tl v 3 


(V u j V p k D ( [d) adv{ret) = {V p V'<V p p°d) adv( - ret) - (V p V"V p V?d) adv{ret) + PZT(d)5 


(vfv p v?d) adv{ret) = (v p v u j v p vfd) adv{ret) - (: v p v v j v p k v°d) adv{ - ret) + P^Z a W 


_d_ 

dy,, 

-^-(' V l ' j V p k Vfd) adv{ - ret) = (V p V v j V p k Vfd) adv{ret) - (V p V v j V p V ( [d) adv{ret) + Pg^f (d)6 
where we can take non-null only the anomalies 

f,f,r = ■p""'". i = i.2,3, 

ppvpcr _ ppi'pcr _ ppvpcr _ _ ppi'pcr 

*1122 — ■‘ 2233 •*3311 ~ ~ r ’ 

ppvpcr -ppi'pcr ppi'pcr ppi'pcr 

r 221l ~ *3322 ~ *1133 * ? 


ppi'pcr ppvpcr c\ ppi'pcr 

■*1311 -*2122 Z/ ? 

p pl, P a p/ii 'per ppi'pcr 

loon — -"3312 — r i 


ppuper _ _r, ppi'pcr 

-' 3233 — zr i 
ppvpa __ ^ppvpcr 


p^vpa _ o ppi'pcr 

-'1123 ) - 1 2231 

Here we have the generic form 

2 2 

ppupa^ _ £ a {pq} A^ pa (d) + (^ b {pq} d p ■ d q + c) A pupa 
p,q =i p,q =i 

where 

A p " pa (d) = rf p dfdf + r/ /ifT + r f p d p d a q + d p d p + r/"" d£d% + rj pa d p d v q 

and 

A pvpa = rf v g pa + g pp rf c + rf” rf p . 

The causal splitting is preserved by the redefinitions: 

(V p V"V p V?d) adv{ret) ->■ {V p V u jV p Vfd) adv{ret) +Q pvpa (d)5 
where the polynomial Q' wpa has the same structure as P^ u P a . 


= 0 so 

(4.54) 

(4.55) 

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

(4.61) 
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Proof: The idea of the proof is the same as in the previous theorem, only the computations 
are more difficult. The result of the causal splitting is given by the relations from the statement 
with the polynomials Pj^f 7 , Lorentz covariant and constrained by the symmetry properties: 


■pflispcr _ Tyfipvo _ T)p,VGp _ -rypapv 

1 ijkl 1 ikjl 1 ijlk 1 ilkj 


(4.62) 


and the restriction deg(P/^f 7 ) < 2. Now we have as above the consistency relations: 


pauper _ ppupa 
r llkl - r 13 kl 
ppupa _ ppupa 
r 22 kl r 2\kl 
ppvpa _ ppupa 
r 33 kl r 32 kl 


_ pup pa _ pup pa 
~ r 23kl r 22kl 
_ puppa _ puppa 
~ - r 31 kl r 33kl 
_ _ puppa 

— r V2kl -'ll kl 


P?3Z a - P%k7 = ^ v 

ppupa _ ppupa _ 

r 2lkl r 23kl — P- V 

ppupa _ ppupa _ 

r 32kl - r 31 kl — P- v. 


(4.63) 


We can make the redefinitions 


{v^v v j v p k v^d) adv{ret) -> (v;v"v p v?d) adv ( ret) + 


(9)5 


(4.64) 


with Q P jM polynomials in the partial derivatives of degree deg — 2, Lorentz covariant 

and with the symmetry property 


p,pupa _ puppa _ pppua _ ppuap p fi r\ 

'Vijkl ~ V jikl ~ V ikjl ~ V ijlk ■ 

In this way we do not disturb the order of the singularity and the causal support properties. 
This redefinitions change the anomalies according to 


ppupa ppup _ ppupa . ppupa 

r ljkl W jkl V3 jkl ' ^2jkl 

ppupa ppupa _ ppupa ppupa 
r 2jkl ~r r 2jkl V Ijkl ' V 3 jkl 
ppupa ppupa _ ppupa . ppupa 

r 3jkl r 3jkl V2 jkl "T" Vl jkl ■ 

One can use these redefinitions to make null some of the the anomalies: 


ppupa _ ppupa _ ppupa _ ppupa _ ppupa 

-' 1222 — -' 1333 — Will — -O 2333 — Will 
ppupa _ ppupa 
-' 1323 — Wl33 
ppupa _ ppupa 
-'1112 — r 2223 


ppupa _ 

W 222 — U 

PSu = 0 

ppupa _ 

r 3331 ~ u 


and we are left with some redefinition freedom 


ppupa _ 
V3322 — 
ppupa _ 
V3112 _ 




ppupa 

_ pk'Upa 

_ ppupa 



v 2111 

b/3111 

~ Villi 



ppupa 

_ p^upa 

_ pk’Upa 



bs 1222 

— V3222 

bs 2222 



ppupa 

_ p^upa 

_ pk’Upa 



b/1333 

~ V2333 

V3333 

ppupa 

ppupa _ 

_ ppupa 

ppupa _ 

_ ppupa 

'°&2222 1 

V1133 “ 

~ V3333 J 

b/2211 “ 

~ Villi ) 

ppupa 

ppupa 

_ pk-upa 

ppupa 

_ ppupa 

Villi ) 

bj1223 

— V2222 5 

V2331 

— V3333 


(4.66) 


(4.67) 


(4.68) 
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which we will use later. 

Proceeding as at the previous theorem we can use the consistency equations to obtain the 
generic forms 

2 2 

-^1233 = E a pq A ^upa + a pq A pvpa d p -d q + a 3 A pvpa 
p,q=l p,q= 1 

2 2 

-^2311 = E lf q A pv q pa + V? A pvpa d p -d q + b 3 A pvpa 
p,q =i p,g=i 

2 2 

P 11X22 = ^ Cl 9 + E cf <9 P • d q + c 3 A pvpa (4.69) 

p,<?=i p,q= i 

where we use the notations from the statement and the matrices a pq , b pq Cj q , j = 1,2 are 
symmetric. If we use the rest of the consistency equations and the redefinitions (14.68p we can 
make by = cy = 0 and we finally end with expressions from the statement. ■ 

As before we show that in fact the anomaly from the preceding theorem is null. 

Theorem 4.6 The causal splitting can be done in such a way that 

P$Z? = 0. (4.70) 

Proof: We consider in the first relation from the statement of the previous theorem j = 3, k = 
l = 1 and contract with r] pa . The result is 

^-(VlK 1 d l23 ) adv{ret) = {V p V"JC 1 d) adv{ret) - (V p V u 3 IC 1 d) ad ^ ret) + rj pa P P Z a - (4-71) 

OXfi 

But it easy to prove that 

T> 3 JCidi 23 (x, y,z) = 2 5(y - z ) - y) - m\ T>ld V23 {x, y, z) 

'D%'D 3 lCidi 2 3 (x, y, z) = -2 S(y - z) V^V^d 2 3 (x - y) - m\ V%Vld l23 (x, y, z) 
V^V^d^x, y,z) = 2 6(y - z) V^V^dmix - y) - m\ V^d^x, y, z) (4.72) 

so the preceding relation becomes 

2 S{V ~ Z) - V) ~ < V , z) = 

/X /X 

2 5(y - z) C V p V"d23) aMret) (x-y)~ ml (^d u3 ) adv{ret) (x, y, z) 

+2 5(y - z) (D^4)“* M {x-y)+ m\ (V p V"d 123 ) adv ^ (x, y, z) 

+Vpa Pie :11 ( x,y,z ) • (4.73) 

Now from theorem 13.11 we have 

^-(P v 3 d 23 ) adv{ret) = {V p V"d2 3 ) adv{ret) + (V p Vld 23 ) adv{ret) (4.74) 

C'X n 
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(4.75) 


so if we use the preceding theorem also we are left with 

Vpa P1311 T (%,y,z) = 0 . 

If we insert the explicit form of the anomaly from the preceding theorem then we get 

P%r = 0- (4.76) 

Now we can use the preceding results to prove: 

Theorem 4.7 We consider as before the Yang-Mills case. Then the one-loop triangle contri¬ 
butions do not produce anomalies in the third order perturbation theory. 

Proof: The one-loop triangle contribution to the causal commutators D I,J,K are sums of 
contributions of the type 

dSU.D, W(x, y, z), W(x, V , z), V'Ptd^D, W{x, y, z), 

V‘KV p Ad,,d , W(x,y,z) (4.77) 
where W are Wick monomials. These expressions come with various numerical coefficients t 
(which are in fact Lorentz tensors). This follows from the limitations of the Yang-Mills model: 
we have at most a derivative in the interaction Lagrangia.n, so we have at most three derivatives 
T> on d. The gauge invariance (11.71) gives immediately 


dQ ~ dx» +l ij &y* ij dz* 


and in particular for the one-loop triangle contribution 


dqD 


I,J,K 


d 


-D 


Ip,J,K 


+ <-r m zz-Di l r' + (-ir + ' J '£zD 


d 


I,Jp,K 
( 1 ) 


m+|j|. 


d 


■\I,J,Kp, 

hi) ' 


(4.78) 


(4.79) 


(!) Q x p (1) ' \ J QyU i 1 ) v ’ dzV 

If we substitute in this relation the expression of the one-loop contributions as a sum of expres¬ 
sions of the type (14.771) with various numerical coefficients, then we will obtain some identities 
between the coefficients t modulo the identities (14.71) . (14. 1()[) . (I4.19P and (I4.55p . So if we can 
causally split these relation without anomalies we will obtain from the preceding relation 


7 a i,j,k 

d Q A ( i) 


— j ^ I f _1)|/| ^ , /_i xlJl+Ul ^ zlyJ.Kp 


doR 


J,J,K 


d 


so finally 


QW i) 


a Q 1 { i) 


R 


TP,J.K 




+ 


dyv 


I,Jp,,K 

( 1 ) 


+ 


d 


' dz» (1) 


(i) 

I,J,Kp 


_ ■ _f^_rpIp,J,K ( _ u \I\_d_ r I,Jp,K ( _ u \I\+\J\_d_ r I,J,Kp 

dx» (1) } ’ dz» (1) 


(4.80) 


(4.81) 


i.e. gauge invariance for the one-loop triangle contributions. But we just have proved in the 
preceding theorems that such a causal splitting can be done. ■ 

Remark 4.8 If we consider gravity, then we must extend the list \3.fCty up to six derivatives 
V and we must investigate accordingly if the causal splitting is possible without anomalies. 

We can cover the two loop contributions if we observe that the corresponding distributions can 
be obtained if in di 2 3 = dn 1 ,D 2 ,D 3 we replace D 3 d 34 = do 3 ,D 4 ■ • 
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In the third order of perturbation theory other causal distributions can appear. These causal 
distributions are associated to the one-particle reducible graphs. 

d Dl,D 2 ( x ,y> z ) = Df(x-y)D 2 {z-x) - D 1 (x-y)D%(z-x) 

+d[~\x — y)D 2 + \z — x) — D[ + \x — y)D 2 ~\z — x)] 
di D u D 2 ( x , y, z ) = -Di ( x - y)D- 2 (y ~z) + Di(x- y)D 2 (y - z) 

+D[ + \x - y)D^\y -z)- d[~\x - y)D [ ^\y - z)\ 
d( D u D 2 ( x ,y, z ) = D[(z-x)D 2 {y~ z ) ~ Di(z - x)D 2 (y - z) 

+D{~ ] (z - x)D ( 2 +) ( : y-z)~ D[ +) (z - x)D { ~ ] (y - z)] (4.82) 

The causal support properties follow from the alternative formulas 

dSi, Dl (x, y, z) = Df(x - y)Df(z - x) - D?'(x - y)D?'(z - x) 
d'olD,(x,y,z) = D?\y - x)D?(z - y) - Df(y -x)Df(z - y) 

4Id^.V.z) = °T(z - x)D'“(y -z)- Df(z - x)Dt(y - z). (4.83) 


The order of singularity of these distributions is again c o = —2. We can define associated 
distributions as before if we replace D\ H> d a D { , etc. 


V 2 d^ — d y 

u a a D 1 ,D 2 — a D 1 ,d a D 2 t 

7)1 ^(2) _ A 2 ) 

Ly a u D 1 ,D 2 ~ a D 1 ,d a D 2 i 


7(1) 


3 A 1 ) 


Vid 


a u 'D 1 ,D 2 


= d 


(1) 

d a Di,D 2 -> 


7)3 j(2) _ j(2) 

Ly a u D 1 ,D 2 ~ u d a D 1 ,D 2 > 


3^(3) =rf (3) 


vid 


a D± ,D 2 


D u d a D 2 i 


3J<3) =d < 3) 


Did 


Cx D\,D2 


As before we have 
_d 
dx 
_d 
dx 
_d_ 
dx° 


-/ l) = Vi 
-d^ = v 3 a S 2 \ 
d® = -V 2 a dP\ 


Vl) d{1 \ 

d 


dy‘ 


-d (1) = -Vld w 


'd a D lt D 2 - 


—d { i) = V 2 d w 
dz° a 


(4.84) 


dy c 


■d (2) = (V l a - Vl)d^ 
9 -d(3) = Vi d (3) 


dz 1 


-rf(2) = -Vid^ 


, d (3) _ (V%~Vl)dP\ 


(4.85) 


dy a a dz c 

Again we must investigate if relations of this type can be causally split. But this is obvious if 
we take the causal split to be 

V, z) = D\’\x - y)D?(z - x), d^%(x,y,z) = D?'(x - < ,)Df(z - x) 

». z) = Df(y - x)Bf (z - y), d%l% (x, y, 3 ) = £>^1!/ - i)B 2 ‘ dv (3 - y) 

dgK£(*>Jf, 3) = D\°'(z - x)Df(y - z), d%%(: r, y, 3 ) = Df*)* - - z) (4.86) 


and similar relations for the associated distributions Diyi'^i . etc. 

In the functional formalism it is asserted that the axial anomaly follows from gauge invari¬ 
ance. We have proved that in the causal formalism this is not true. In the next Section we will 
offer an alternative explanation for the existence of the axial anomaly. 
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5 Super-Renormalizability and the Axial Anomaly 

We have advocated in previous papers that one should impose the condition that the chrono¬ 
logical products are in coboundaries up to super-renormalizable terms. We will show here that 
the axial anomaly must be null if we impose this condition. It can be proved that the odd-part 
of the causal commutators is given by 

D oid ][p] (x,y,z) = i Tr^syVVYVV) V la V 2 pV 3 (T d(x, y, z) A abc u a (x) u b (y ) u c (z) 

+super — renormalizable terms 

^Id 1 d ] 0 ( x ,y, z ) = \ TKysyVVYVV) 'D la V 2 pV 3 (T d(x,y,z) A abc u a (x) u b (y) v cp (z ) 

+super — renormalizable terms 

D Zd \x,y,z) = ~ Tr(757 / V7 , YyV t ) V la V 2 pV 3 rr d(x, y, z) A abc v au (x) v bp (y) u c (z) 

-fsuper — renormalizable terms 

D^{x,y,z) = ^ Tr(757 /3 7 /i 7' T 7 !y 7“7 P ) V la V 2 / 3 V 3 t , a d(x,y,z) A abc v ap (x) v bu (y) v cp (z ) 

-fsuper — renormalizable terms (5.1) 

Here d = do,D,D where D = D 0 and 

A abc = ^2 e T r({f a ,fbK) (5.2) 

e 

is a symmetric tensor build from the representation t e a appearing in the interaction Lagrangian 

K dap, (5.3) 

between the Yang-Mills fields v p and the current 

jap = Y1 m a ® (5-4) 

€ 

associated to the Dirac fields d' = ('h^) j 4 =li which are describing the matter; here 7 e = 
|(J + e 75 ), e = ± select the two chiralities. 

We need an explicit expression for the trace Tr( 7 5 7 / 3 7 A 1 7 0 ' 7 i/ 7 a 7 p ). From Lorentz invariance, 
it must be a sum of expressions of the type rf iu e p<TQ 7; there are 15 combinations of this type 
but not all of them are linear independent because of the identity 

e puap _ ,^crp £ / 3 pap _|_ ,^crv £ / 3 pap _ ^aa £ / 3 pvp ^ap ^pua _ q . (5 5 ) 

indeed the expression is completely antisymmetric in the five indexes / 3 , y, u, a, p so it must be 
null. We take the generic form 

Tr{ 757V7V7V) = 

a x rf v e pffQ/3 + a 2 r] pp e vaafi + a 3 rf p e paap + a 4 rf a e vpafi + a 5 y pfi e vpaa 
+a 6 rj ua e paap + a 7 -q vP e pp ^ + a 8 y pa e pvap + a 9 p pp e pvaa + a 10 y ap e pvpa (5.6) 
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because the other 5 possibilities can be eliminated due to the identity (15.51) . Now we observe 
that 


Tr( 7 57 V 7 V 7 V) + P O P = 2 rfP Tr( 7s 'f'f'f'f) = 8^ e < "' ap (5.7) 


and this leads to 


O7 — Oi, Og — CL2 ; G10 — O4, O5 — — 4 . 


(5.8) 


We have three more identities of this type if we symmetrise in u PP a, a PP p, p PP f3 and we 
obtain in the end 


0-2 — — Ug — 0.10 — 4 

di = a 5 = 07 = —4. (5.9) 

It is easy to see that the expression so obtained is invariant with respect to the permutations 

p —P v —^ p —^ p, f3 —^ cr —P ol —P f3. (5.10) 

Also it is antisymmetric with respect to the change 

/i-B y a PP (3. (5-11) 

It is also antisymmetric with respect to the change 

v PP p, f3 PP a (5-12) 

but only if we use the identity (15.5[) . However, we can rewrite the trace in an equivalent form 
namely 


Tr ( 7 = 
- (r) p ‘ 1 ' e paa P + p pp e vrTa P + rf p e Mcra/3 ) 

_|_1 e /J.pvfi _|_ 

o 

_j__ (j^oi piperP _ ^pP pypaa _ ^pa pwpa _ ^pa prpPa _|_ ^va pipaP _ ^pP pivaa^ 

and one can check that all three contributions are antisymmetric with respect to 

/iBy a PP j3 

and 


(5.13) 

(5.14) 


v pp p, j3 PP a. (5.15) 

If we use this antysymmetry property in (15. ip then we obtain that the expression D ( p f ^^ (x, y, z ) 
changes the sign if we make the transformations 

x PP y : p PP u 1 T>\ —P — T ^2 T -^2 —P — V 3 — P — T) 3 (5.16) 


and 


y PP z, v PP p, V\ —P — D\ V 2 —P 7^3 T )3 —P —7?2 (5-17) 

and one can prove that this true also from some abstract arguments presented in [8]. Now we 
prove 
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Theorem 5.1 The expression Dff^f is a coboundary if and only if 


A-abc — 0 . 

Proof: We consider an arbitrary cochain cochain B IJK and impose 

D od d(x, y, z) = (d Q + iS)B 
In particular we must have in top ghost number 


DS ][p] (x,y,z) = d Q BMMW+i 

d Q B^ M9 + i (5.20) 


d dIHHW _ ^ dMHW i ^ nMMW 
c)a; CT dy° dz° 


The generic form of the cochains is 

B [p][u][p,T] (x,y,z) = b [p][u][pa \x,y,z) u a {x) u b (y) u c (z) 

B [pu][pa]0 (x,y,z) = J^babl bj Hlpa]0 (x,y,z) u a (x) u b (y) u c (z) 
where we impose symmetry conditions 

y, z) = 2) 


(5.18) 

(5.19) 


(5.21) 


(5.22) 


and this leads to the following possible combinations: 

b[ p][u][pa] (x,y,z) = j f u e paap (V la V 30 + V 2a V w )d(x,y,z) 
b [pmpa] (x, y, z) = (rT e v<rafi V la V 3 y + rf p V 2a V 3p )d{x, y,z)-p<* a 
bf [v][pa] (x, y, z) = (r f p 6 paaf} V la V 3f) + rf p <? at # V 2a V 3P )d(x, y,z)-p<* a 
b [p][u][pa \x,y,z) = (e" p ™ V p V 3a + e pp ™ V"V 3a )d(x,y, z) 
bt mpa \ X: y,z) = (e^ a V p V 3a + e pp ™ V\V 3a )d(x,y,z) 
b^ ][u][p(7] (x, y, z) = (e^ pa VfV 3a - e pvpa V°V 3a )d(x, y,z)-p<* a 
b [p][v][pa] (x, y, z) = (e p " pa V { ooaVf - e pvpa V 2a Vf)d(x, y,z)-p<* a 
b [p][u][pa] (x,y,z) = (e" p ™ V la V p + e pp ™ V 2a Vf)d(x, y,z) 
b [ f u][pa \x,y,z) = (e pp ™ V l0 PZ+ <?'”'* V 2a V p )d(x,y,z) 
b[f u][pC7] (x, y, z) = e pp ™ {V x • V 3 - V 2 • V 3 )d(x, y, z) 
b[T ][pa] (x, y, z) = (rj pp V la V w - rf p e p ™? V la V 2f) )d(x, y,z)-p<* a 
b [ l^ ][pa \x,y,z) = (e l,paa V p V 2a + e pp ™ V la V v 2 )d{x, y,z) 
&S H[H (x, y, z) = (e pp ™ V\V 2a + e^“ V la V p )d(x, y, z) 
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&U MH (X, y, z ) = (e^ pa V{V 2a - V la V°)d(x, y,z)-p<* a 
b [ lt ]lp<T \x,y,z) = {e vp ™ V p V Xa + e» p ™ V"V 2a )d(x, y, z) 
b[f u][pa \x,y,z) = (e pp ™ V\V Xa + e vp ™ V p V 2a )d(x : y,z) 

(x, y, z) = (e^ pa V"V Xa - e^ pa V°V 2a )d(x, y,z)-p<* a 
b [ lt ][pa] (x iy ,z) = {e» p ™ V p V 3a + e pp ™ V"V 3a )d(x,y, z) 

b[f u][pa] (x, y, z) = e^ p ° (/C x - JC 2 )d(x, y, z) (5.23) 


&! H[H V, y , z) = (v pp - rf p e p ™P) (V la V 3f} + V 2a V 3 p)d(x, y,z)-p^a 
b [ r ][pa] \x, y, z) = [(e" p ™ V p V 3a - p o u) + (e^“ P 2 ct P 3q - P ^ <r)]d{x, y, z) 

b [ r ][pa] \x, y, z) = [(e" p ™ V p V 3a - p u) + (e p ^ a V°V 3a - p a)]d(x, y, z) 

b [ r ][pa] \x, y, z) = [(e upaa V la V p - p u) + (e pp ™ V 2a V p - p a)]d(x, y, z) 

f 1W V, y , z) = [(e^“ P la P 3 M - H v) + (e^“ V 2a V" <r)]d(a;, j/, z) 
4 H[H0 (x, y, z) = e p " p ° (V x -V 3 -V 2 - V 3 )d(x, y, z) 
b [ r ][pa] \x, y , z) = \{e vpaa V p V 2a - p *+ v) + (e^“ P 1 q P 2 ct cr)]d(a;, j/, z) 

1/, z) = [(t upaa V la V p -p^u) + (e ppua V{V 2a -p^ a)]d(x, y, z) 
b [pu][pa] \x, y, z) = [(e^ a V p V la - p v) + (e^“ V° 2 V 2a - p o <7)]d(x, y, z) 

b [p 0 u][pa] \x, y, z) = [(e^ pa V"V Xa - p o a) + (e p ™ a V p V 2a - p u)]d(x, y, z) 

fr ][H V, 1/, z) = [(e l ' p ™ V p V 3a -p^u) + (e pp ™ V"V 3a - p a)]d(x, y, z) 

b [ £ ][p " ] \x,y,z) = e pvpa (/Cj. - JC 2 )d(x, y, z). (5.24) 

We consider the first relation (15.201) and we obtain 10 independent combinations in the 
u a (x) u b (y) u c (z) sector. For instance the coefficient of 

{rT e paafi + y pp ^ + V up V la V 2 pV 3a d (5.25) 


gives the identity 


and the coefficient of 


2i . 

a i + a 2 + o 3 — —A 


e ,lupa {V Xa K x + V 2a JC 2 + V 3a K 3 )d 


(5.26) 

(5.27) 


gives 


CL X 7 "F Ctig — 0. 


(5.28) 


Here we have used the simplified notation a^ c —> a v A abc —y A. 

The second equation (15.201) is more difficult to analyze because of the identity (15.51) . We 
consider as before the sector u a {x) u b (y) u c (z) and have three cases: 
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1) The coefficients of VjVjVj, j = 1,2,3 We have three independent combinations 

e pvpa V ja Kjd, j = 1,2,3 (5.29) 


and they produce the equations 

«18 + frlO + ^12=0 

Ol6 + ®19 = 0 
bn = 0 . 


2) The coefficients of 

X pvp = e pvaP V ja V ip V?d, X pvp = e pvaP V la V 3 ■ V x d, 
X pup = V ja X t d, X pup = e upa/3 V ja V ip V p d - \i v 

for j 7 ^ l. Because of (15.51) we have the identities of the type 

Vfiiyp V^vp | vpvp vfiup 

A 4 — xvi H- A 2 A 3 

so we have only 6x3 relations of this type 


— O4 — O3 + 07 + CLg + Cli8 — 67 — &8 — 0 
— ~ — &10 + a 18 = 0 
O3 — CI7 + Clg + 67 + bg = 0 


O4 + O3 + O4 + T O45 + O47 — 5 g — 610 = 0 

— 03 — 06 — Og — G10 + Ol6 — O47 + bg + 640 = 0 

— 03 + 0,5 — 06 — O17 — Oig + 640 + &12 = 0 

— O4 — CL 2 — 07 T Og T b \ — &2 — ^3 — bg — 64q = 0 

—Clg + O4 — O7 — O10 + 61 — &2 T &5 + &6 — ^9 — ^10 = 0 

02 + O 7 + Os — b\ + &2 + ^3 + bg — b \2 = 0 

— Oi6 + O17 + 61 + &4 + 65 + 26 ii = 0 

O15 + O17 + 61 — 63 + 64 — &6 T 2644 = 0 

047 + 049 + 64 + 64 + &5 + 644 = 0 


(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 

(5.36) 


— On + Ol 2 + O14 + bg + feio — 0 

—O44 — 043 + 044 + 640 + b \2 = 0 ( 5 . 37 ) 
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cliq — ciii + b\ + 64 + 65 = 0 

— ®15 — O17 + b \ — b 2 + ^5 + &6 = 0 

— O17 — dig + &i + 64 + 65 = 0 


(5.38) 


where we skip a relation which appears twice. 
3) The coefficients of 


Y pvp = e^ V p V 2a V 3 pd, Y pvp = eT ap V la V p V 3p d, Yf p = e pvaP V la V 2 pV p d, 

Y pvp = d wpa V la V 2 ■ V 3 d, Y pvp = e pupa V 2 a V l ■ V 3 d , Y pvp = e pupa V 3 a V { ■ V 2 d, 

YF P = e ,ipa ' 8 V\V 2o V 3(j d -n<*v, Y pvp = e fipafj V la V"V 3 pd - fi O 1/, 

Y pvp = e ppafi V la V 2p V\\d - 11 v, Y pi/p = 7 f p e vaPff V la V 2f) V 3a d - fi+> v. (5.39) 

Because of (15.5p we have identities 


Y^p — Y pup Y pvp — Yq UP 
Y^ u p — Y pup + Y pvp — Y pup 
Y^p _ Y'P up + Y pvp — Y pvp 


Y g p = —Y pvp + Y pup 


Y pvp 


(5.40) 


we have only 6 relations in this sector 


01 + 02 + 03 — On + 012 + 014 + 61 — b 2 — 63 — 67 — bg = 0 

O3 — ®5 + ®6 — Oil — O13 + O14 + b \ + &4 + 65 = 0 

02 04 Og 63 65 &g 67 bg = 0 

—O2 — Og — O7 — O10 + On — O14 — b \ — 64 — 65 + 67 + &8 = 0 

02 + 07 + Os — On — O 13 + O 14 + 61 — b 2 — b 3 — b^ — bg = 0 (5.41) 


where we have skipped a relation which appears previously. 

Now it is not very hard to obtain from the previous equations together with (j5.28j) that 

Oi T 02 + 03 — 0 (5.42) 

so the equation (j5.26j) gives A abc = 0 i.e. the axial anomaly is null. ■ 
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6 Conclusions 


We have proved that the loop contributions to the chronological products do not produce 
anomalies, at least for the second and third order of the perturbation theory. The key point 
was to prove that some identities involving distributions with causal support can be causally 
split without anomalies. We conjecture that the same is true in arbitrary order i.e. the loop 
contributions do not produce anomalies. Then the problem of analyzing the anomalies of gauge 
models is reduced to the tree sector; this can be done using the methods of [7], 

From our result it follows that the axial anomaly cannot appear from pure gauge invari¬ 
ance consideration. To make it null we have to impose a stronger condition, namely that the 
chronological products are coboundaries, up to super-renormalizable terms. 
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